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Using Monte Carlo simulations, we investigate how geometric percolation and electrical conduc-
tivity in suspensions of hard conducting platelets are affected by the addition of platelets and their
degree of spontaneous alignment. In our simulation results for aspect ratios 10, 25 and 50, we con-
sistently observe a monotonically decreasing percolation threshold as a function of volume fraction,
i.e., the addition of particles always aids percolation. In the nematic phase, the distribution of
particles inside the percolating clusters becomes less spherically symmetric and the aspect ratio of
the clusters increases. However, the clusters are also anisotropically shaped in the isotropic phase,
although their aspect ratio remains constant as a function of volume fraction and is only weakly
dependent on the particle aspect ratio. Mapping the percolating clusters of platelets to linear re-
sistor networks, and assigning unit conductance to all connections, we find a constant conductivity
both across the isotropic-nematic transition and in the respective stable phases. This behaviour is
consistent with the other observed topological properties of the networks, namely, the average path
length, average number of contacts per particle and the Kirchhoff index which all remain constant
and unaffected by both the addition of particles and the degree of alignment of their suspension.
On the contrary, using an anisotropic conductance model that explicitly accounts for the relative
orientation of the particles, the network conductivity decreases with increasing volume fraction in
the isotropic, and further diminishes at the onset of the nematic while preserving the same trend
deep in the nematic. Hence, our observations consistently suggest that unlike for rod-like fillers, the
network structures that arise from platelet suspensions are neither very sensitive to the particle as-
pect ratio nor to alignment. Hence platelets are not as versatile as fillers for dispersion in conductive
composite materials as rods.
I. INTRODUCTION
The dispersion of composite polymeric systems with
nano-particles, which are electrically connected by quan-
tum tunneling of electrons, has become a useful route
to the production of conductive plastic materials. Com-
monly, anisotropic fillers particles are of interest as the
load required to achieve a percolating network can be
lowered with increasing aspect ratio of the particles. This
behaviour is known to be exhibited by rods [1–4], and by
platelets such as oblate ellipsoids [5], unless the perco-
lation transition is preempted by a spontaneous forma-
tion of a nematic liquid crystal phase [6], thereby, the
monotonic decrease of the required load of platelets as a
function of aspect ratio may be lost.
For platelets, dispersions of typically graphene but also
clay are used for enhancing the electrical conductivity
of nanocomposites [7–12], next to various other tech-
nological applications such as corrosion protection [13],
and electromagnetic interference shielding [14]. More-
over, there also exists various types of dispersions, e.g.,
using functionalized filler platelets to control their emer-
gent network morphology [15], polydisperse suspensions
exhibiting quasi-universal dependence on the filler aspect
ratio [16], or mixtures of different types of fillers to ex-
ploit their synergistic effects [17].
Another important aspect of anisotropic fillers such as
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rods or platelets is their ability to intrinsically form liquid
crystalline phases: upon increasing the concentration of
the particles, they undergo a first order transition from
an isotropic (I) to a nematic (N) phase [18, 19] where
the particles become orientationally ordered. For rod-
like particles, the effect of the so-induced alignment on
the tunneling conductivity has been previously studied in
simulations [20], using theoretical percolation-based ap-
proaches in [21, 22] for various degrees of orientational
order, and more extensively in cases of externally in-
duced alignment in [23–27]. However for platelets, the
percolation and conductivity behaviour across the intrin-
sic liquid-crystalline phases has remained largely unex-
plored. Here, we aim to tackle this topic using computer
simulations.
For the dispersion of conductive nanofillers to globally
enhance the conductivity of the host system, the desired
dispersion must be electrically percolating. This means,
conductive pathways formed by the particle clusters can
be found between almost any two junctions of the host
composite system. Therefore, before tackling the con-
ductivity aspects of such dispersions, it is prerequisite to
understand how system-spanning clusters of platelets are
formed, and how their shape is affected by the degree of
alignment of the suspension under thermodynamic equi-
librium conditions. In the case of electrical connectiv-
ity established by tunneling, a given pair of particles are
said to be connected if their shortest surface to surface
distance is on the same order of magnitude as the char-
acteristic tunneling decay length of particles in the host
medium. The latter is typically modeled by defining a ge-
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2ometric connectivity criterion [28–30] where the particles
are assumed to be coated by penetrable shells, and thus,
to be electrically connected translates into having adja-
cent particles with overlapping shells. The connection to
tunneling is completed by interpreting the particle shell
thickness as their tunneling decay length [4, 28, 31].
Adopting the latter connectivity criterion, our first aim
in this article is to study the geometric percolation of sus-
pensions of hard platelets across their intrinsic I-N tran-
sition. More precisely, this entails estimating the perco-
lation threshold (i.e., critical shell size) as a function of
volume fraction and quantifying the shape of the perco-
lating clusters.
Subsequently, viewing the so-defined particle connec-
tions as resistors, we map the tunneling-based networks
of platelets to linear resistor networks and study their
conductivity along with other topological properties such
as the Kirchhoff index and the average path length.
In order to perform this mapping, we use various con-
ductance (resistor) definitions: a simple network where
a unit conductance is assigned to all particle connec-
tions, and an anisotropic model where the conductance
is weighed according to the relative orientation of the
platelets and their respective center of mass positions.
The latter model is defined such that maximum conduc-
tance is assigned to connected pairs that are both paral-
lel and have their centers aligned, while perpendicularly
oriented and end-to-end connected pairs are assigned in-
termediate and minimum values respectively. The unit
conductance model serves to establish a base-line in the
conductivity behaviour in terms of the average number
of contacts per particle, the typical number of hops be-
tween two arbitrary particles in a cluster and the respec-
tive number of pathways connecting them, all of which
may be affected by the liquid-crystalline phase of the sus-
pension. In contrast, the motivation for the anisotropic
conductance model lies in the tunneling anisotropy of
anisotropic filler particles, which will be further detailed
in the subsequent section.
The remainder of this article is structured as follows:
In Sec. II, we further elaborate on the models, detail our
Monte Carlo (MC) simulations, and explain our compu-
tational methods. In Sec. III, we present our results by
starting from the shape quantification of the percolating
clusters and the corresponding critical shell sizes as func-
tion of volume fraction. Then, we discuss our findings on
the electrical conductivity and topology of the tunneling
networks. Finally, Sec. IV summarizes our main results
along with discussions on a potential line of continuation
for future work.
II. MODELS AND SIMULATIONS
We used cut-spheres as a model for disk-like particles.
A cut-sphere is characterized by its diameterD and thick-
ness L and it can be obtained by starting from a sphere
of diameter D and removing those parts of the sphere
that are a distance L/2 above and below the equato-
rial plane. From the computational aspect of modeling
platelets, cut-spheres are advantageous over for instance
oblate spherocylinders or cylinders, as testing for over-
laps between a given pair can be carried out in a finite
number of steps [32]. The latter is particularly important
when hard interactions are of interest, meaning overlap-
ping configurations of platelets are forbidden (interaction
potential → ∞) and non-overlapping ones are allowed
with probability 1 (interaction potential = 0). Through-
out this article, we refer to cut-spheres as platelets.
The hard core of a platelet is centered inside an imag-
inary shell of the same shape. The imaginary coating
serves to define a geometric connectivity criterion: Given
a shell size A, two platelets are considered to be con-
nected if their shells overlap, i.e. their surface-to-surface
distance is smaller than A. A contiguous sequence of so-
connected platelets then form a cluster. Percolation oc-
curs when a cluster is wrapping the simulation box [33]
through at least one direction of the periodic boundaries.
The so-defined geometric percolation can also be related
to electrical percolation when the shell thickness A is in-
terpreted as the tunneling distance, i.e., the distance at
which the electron tunneling probability is reduced to 1/e
times its initial value.
Using canonical (NVT) Monte Carlo (MC) simula-
tions, we have generated equilibrated configurations of
hard platelets. The simulations have been carried out
for monodisperse systems of aspect ratio D/L = 10, 25
and 50, using a cubic simulation box of dimensions
Lx,y,z = 16D, with periodic boundary conditions in all 3
dimensions. The particle numbers were chosen in a range
such that the volume fraction spans the stable regions of
both the isotropic and nematic phases of the suspensions
of hard platelets. The volume fraction φ is defined as
φ = Nvcore/V, with N the number of particles, V the
volume of the simulation box and vcore denotes the vol-
ume of one platelet given by
vcore =
piL
4
(
D2 − L
2
3
)
. (1)
In the infinite system size limit, the percolation wrap-
ping probability behaves as a Heaviside step function
with a jump at the critical volume fraction φp or shell
size Ap. However for finite systems, the transition is of-
ten described as being “smeared out”, where briefly, the
asymptotic finite size scaling of a system observable O is
given by [34]
O(L, λ) ∝ F (δλL1/ν) (2)
with δλ = λ − λp the distance of the scaling parameter
(e.g., the shell size A) from its critical value, L the linear
size of the system (i.e., simulation box length), F the ap-
propriate scaling function for the chosen observable (here
wrapping probability) and ν the critical exponent of the
3characteristic correlation length ξ ∝ |δλ|−ν .With the hy-
pothesis of a one parameter scaling law as given by Eq. 2,
it is clear that by studying the wrapping probability as a
function of finite system sizes L, all the obtained curves
cross at a common intersection point F (δλ = 0), which
allows us to estimate the critical value corresponding to
the limit of L → ∞ without requiring any assumptions
on the critical exponents.
Typically, the finite size scaling analysis then entails
simulating a range of different simulation box sizes, per-
forming a fine sweep in the chosen control parameter of
percolation and determining the critical value near the
transition by estimating the common crossing point of
their respective p-curves. However, for the used box sizes
(e.g., L = 16D), our observed finite size effects remain
negligibly small in both the isotropic and nematic phases,
and a common intersection point can always be found
without a systematic shift of the curves as a function of
system size. Thus, to reduce computational costs, we de-
cided to perform the sweep in shell size A only for one
system size per φ and use the point p(Ap) ≈ 0.5 as an
estimate of the percolation threshold Ap. The same ap-
proach is used in order to estimate the trend of Ap as a
function of φ, as the impact of finite-size effects on the
percolation probability remains negligible compared to
that of A or φ.
The nematic order parameter S2 is used in order to
distinguish between the isotropic and nematic phase of
the platelets, given by the largest eigenvalue of the ori-
entation tensor Q :
Qij =
1
2N
N∑
α=1
(3vαi v
α
j − δij), (3)
where vαi and vαj are the ith and jth components of
the normalized orientation vector of platelet α, respec-
tively, N the particle number, and δij is the Kronecker
delta. Additionally, the stable phase boundaries are de-
termined according to the following criteria of the S2 val-
ues upon equilibration: suspensions with |S2| < 0.05 lie
in the stable isotropic region, while S2 > 0.5 correspond
to the stable nematic, and values in between are deemed
metastable, thus, roughly indicating the coexistence win-
dow.
Next, we briefly describe how our conductivity calcula-
tions are performed. Given an equilibrated and percolat-
ing suspension, we extract its largest cluster (examples
are visualised in Fig. 2) and view its underlying connec-
tivity network as an undirected, simple and connected
graph G = (V,E). The set of vertices V is comprised of
a vertex assigned to each platelet in the cluster, and the
edge set E is defined according to the connectivity cri-
terion of overlapping shells, i.e., eij ∈ E for each pair of
platelets i and j with overlapping shells. The mapping to
a resistor network is completed by considering the triple
(V,E,w), where w is a weight function that assigns a
positive conductance (or resistance r = 1/w) to every
edge eij ∈ E. Furthermore, we only consider the case
of linear resistor networks, meaning each edge is a lin-
ear resistor where the current through it and the voltage
across the edge are related by Ohm’s law, Ii,j = Vi,j/ri,j ,
with ri,j > 0 the resistance of the edge between the i and
j junctions. For defining the conductance wij between
a given pair of connected platelets, we use the following
two models:
wu(eij) :=1, for all eij ∈ E, (4)
wa(eij) :=
√
|mi · rˆ ∗mj · rˆ|, (5)
where rˆ is the normalized difference vector between the
center of mass vectors ri,j of the platelets, and mi,j are
their respective orientations: unit vectors pointing along
the short axis of the platelets. The specific functional
form of the product of relative angles in Eq. 5 is chosen
such that it roughly satisfies wa ≈ 1 for platelets that
are aligned and centered (example Fig. 1(e)), wa ≈ 0.5
for one nearly perpendicular to the other (Fig. 1(c)) and
wa ≈ 0.1− 0.3 for cases of minimal overlap, such as side-
to-side connected and aligned platelets (Fig. 1(a), 1(b)).
The so-defined wa represents a geometric and easy-
to-compute alternative to a weight function that explic-
itly involves calculating the cross section area ws of two
platelets. For a selection of cases, the latter has been
computed in order to ensure Eq. 5 correctly approxi-
mates ws in assigning conductances based on the de-
scribed ways a pair can be connected. Comparisons are
shown in Fig. 1, with ws normalized by piD2/4.
The cross section area ws between two platelets is com-
puted by taking the mean overlapping areas obtained
from the projection of the disk-shaped surface of one
platelet onto the plane of the other and vice versa. The
respective intersecting area upon each projection is com-
puted numerically. Unfortunately, performing the en-
tirety of our conductivity calculations with the latter ap-
proach would be computationally infeasible, therefore,
our main measurements are conducted either by uni-
formly assigning unit conductances or using Eq. 5.
The motivation underlying the non-uniform conduc-
tance models stems from the orientational dependence
of quantum tunneling of electrons between anisotropic
filler particles. Particularly for rod-like filler particles,
G. Nigro and C. Grimaldi [35] have shown that in gen-
eral the tunneling between parallel rods is (L/
√
Dξ[36]
times) larger than the tunneling between perpendicular
ones. Their result follows from the consideration that
overlap between the wavefunctions of two rods is largest
when the overlap extends over the entire long-axis length
of the rods.
As far as we know, a similar and complete quantum
mechanical treatment of tunneling between platelet-like
particles has not yet been performed. Nonetheless, in di-
rect analogy with the solved case of rods [35], it stands to
reason that two platelets whose centers are aligned and
have parallel orientations, exhibit maximally overlapping
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FIG. 1: Snapshots of typical configurations of connected
pairs of platelets. For comparison, the corresponding
conductance weights computed according to the simple
geometric model wa and the normalized cross section
ws are: (a) : wa ≈ 0.067, ws ≈ 0.0012,
(b) : wa ≈ 0.12, ws ≈ 0.15, (c) : wa ≈ 0.46, ws ≈ 0.41,
(d) : wa ≈ 0.89, ws ≈ 0.78, and
(e) : wa ≈ 0.99, ws ≈ 0.96.
wavefunctions as their cross section extends over the en-
tire surface of the platelets, i.e., the most favourable
setup for tunneling. Similarly, minimal overlap would
follow for their end-to-end connection and intermediate
to these two cases would for example be side-to-end con-
nections (perpendicular orientation vectors).
With the above setting for defining electrical networks
from clusters of platelets, our conductivity calculations
amount to computing the effective resistance, also simply
called resistance distance [37], between arbitrary junc-
tions of the network. Thus, we recur to the study of re-
sistive electrical networks in algebraic graph theory and
circuit theory. Below we will provide a brief description
for the computation of the effective resistance and cur-
rent flow across the network, but for a comprehensive
overview we refer the reader to the following pieces of
literature [38–40], and in particular [41] for the linear
algebraic formulation of Kirchhoff laws for graphs.
It is useful to assign arbitrary orientations to each edge
e ∈ E, which set the reference direction of current flow
through an edge. Then, the incidence matrix of the re-
sulting directed graph operates as a difference matrix
which allows for a simple formulation of Kirchhoff’s cur-
rent and voltage laws. As a convention, positive and
negative currents represent a flow entering and exiting a
node, respectively. The so defined directed graph, with
n nodes and m edges, is characterized by an n by m inci-
dence matrix B, with each column of B corresponding to
an edge (i, j), which contains a 1 at the ith-row and −1
at the jth-row. With the incidence matrix B and the m
by m diagonal matrix of conductances W, the Kirchhoff
matrix or the Laplacian matrix of the graph G is given
by
K = BWBT . (6)
With the Laplacian, the Kirchhoff equations relating
the nodal current and voltage vectors Jn and Vn, is
given by Jn = KVn, while Ohm’s law relates the vec-
tor of currents Je through the edges with the vector of
voltage differences Ve across the edges Je = WVe. In
order to calculate the resistance distance Rab between
arbitrary nodes a, b ∈ V (G) we first supply the network
with a current Jn = q and measure the voltage difference
across the nodes a and b.More precisely, an external unit
current iext = 1 is inserted at the node a, and extracted
at the node b, i.e., Jna = iext and Jnb = −iext, and zero
for the remaining nodes c ∈ V (G) \ {a, b} not connected
to a current supply, i.e., Jnc = qc = 0. Then, Rab simply
corresponds to the ratio of the potential difference across
the two nodes with the net current: Rab = Vn
a−Vnb
iext
.
The potentials at the nodes are found by solving the lin-
ear system KVn = Jn = q, for which we recur to the
method of direct linear solvers for Laplacian systems [42].
Considering the fact that the Laplacian K is a singular
matrix (since Ker(K) = 1), the linear system is not di-
rectly invertible and can only be solved when q ∈ Im(K),
and by computing the pseudo-inverse K+ of the Lapla-
cian. The latter is achieved by first casting the Laplacian
system to an equivalent saddle point problem [43, 44],
and the matrix inversion obtained using UMFPACK [45]
as a sparse direct solver.
Alternatively, and typically for larger networks, one
may also apply a Star-Mesh transform (see e.g., the
Appendix in [46]) to the network until only the elec-
trode nodes remain, yielding the effective resistance be-
tween them. This is a special case of the Kron re-
duction [47], which entails finding a reduced equivalent
network by taking the Schur complement of the Lapla-
cian (which is an M-matrix) with respect to a subset of
boundary nodes (e.g. two electrode nodes). Finally, in
order to study the flow of current across the network,
we compute the current through each edge according to
Je =WVe =WB
TVn, where the vector of voltages Ve
across the edges can be expressed as Ve = BTVn, ex-
ploiting the fact that the incidence matrix of a directed
graph operates as a difference matrix.
III. RESULTS
Note: In order to maintain readability throughout this
section and to avoid overloading the discussions with too
5FIG. 2: Largest clusters of platelets (drawn as oblates)
in isotropic (left) and nematic (right) suspensions
visualised for D/L = 25.
many figures, we present our data for D/L = 10. The
figures corresponding to D/L = 25 and 50 can be found
in the Appendix A.
We start our analysis by comparing the shapes of the
percolating clusters in equilibrated isotropic and nematic
suspensions. In analogy to how the shape of polymer
chains or random walks are quantified, we compute the
gyration tensor. In particular, we are interested in the
radius of gyration Rg, the asphericity AS, and the aspect
ratio AR as defined below:
R2g =λ
2
z + λ
2
y + λ
2
x (7)
AS =λ2z −
λ2y + λ
2
x
2
(8)
AR =
√
λ2z + 0.5(λ
2
y + λ
2
x)
λ2y + λ
2
x
(9)
where λ2i are the eigenvalues of the gyration tensor. We
first study how the shape of the clusters changes as a
function of cluster size on approach to percolation.
For D/L = 10, the combined behaviour of the as-
phericity (AS) and aspect ratio (AR) shows that while
the platelet clusters become less spherically symmetric
with their increasing size, their aspect ratio remains con-
stant and only dependent on the degree of alignment of
the underlying suspension. In particular, in the top plot
of Fig. 3, the asphericity is rescaled to
√
ASL/D, which
offers a more intuitive interpretation, namely, the length
difference between the long and the short axes of a clus-
ter expressed in units of shell thickness L, which can thus
roughly be interpreted as the difference in particle num-
ber along the said axes.
Moreover, from the behaviour of the cluster aspect ra-
tio as a function of its size (middle, Fig. 3) we notice
two different plateau values. Namely, a lower branch of
overlapping curves marked “Isotropic” corresponding to
all simulation volume fractions in the stable isotropic,
and an upper branch of curves marked “Nematic” cor-
responding to clusters in the stable nematic suspensions
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FIG. 3: Rescaled asphericity (top), aspect ratio (AR,
middle) and radius of gyration (Rg, bottom) as a
function of cluster size for D/L = 10. A different marker
style and color is used for each volume fraction φ, as
shown in the legend, with (I) and (N) denoting isotropic
and nematic respectively. In the middle plot, the arrows
indicate the branch of data points corresponding to an
isotropic and nematic suspension of platelets.
where we see a small but consistent rise of their respective
plateau values with increasing φ. The latter will become
more apparent when we discuss the aspect ratio of the
largest cluster as a function of volume fraction.
From the behaviour of the radius of gyration as a
function of cluster size as shown in the bottom plot of
Fig. 3, we observe a scale independent relation of type
Rg = αn
1/df , with the fractal dimension df ≈ 2.5 at per-
colation, consistent with what is expected for percolating
structures in 3D.We note that all of our above results are
consistently obtained for the larger particle aspect ratios
D/L = 25, 50, and their respective plots can be found in
the Appendix A (Figs. 12 and 13).
In Fig. 4, we have computed the aspect ratio of only
the largest clusters, and for convenience, they are plot-
ted as a function of the rescaled volume fraction c =
φ(L/D−L3/3D3)−1 of the suspension. For all simulated
values ofD/L, we consistently observe anisotropic cluster
shapes with a constant aspect ratio of AR ≈ 1.45 in the
stable isotropic region, which remains weakly dependent
on the particle aspect ratio. While in the stable nematic,
AR increases monotonically after the jump at the on-
set of the ordered phase. The latter behaviour already
hints at a percolation threshold that decreases with in-
creasing degree of alignment in the suspension. In other
words, the more elongated cluster shapes are favourable
for percolation as they can more easily become system-
spanning.
We now turn to the connectedness percolation thresh-
olds Ap/L. As shown in Fig. 5, the critical shell size is
a monotonically decreasing function of the volume frac-
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FIG. 4: Aspect ratio AR of the largest clusters as a
function of the rescaled volume fraction c for
D/L = 10, 25, and 50.
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FIG. 5: Critical shell sizes Ap/L as a function of volume
fraction φ. The plot from top to bottom correspond to
D/L = 10, 25 and 50 respectively. In each case, the
simulation estimates for the I-N coexistence region is
indicated by the area between the vertical dashed lines.
tion, both in the stable isotropic as well as the nematic
phase. This observation is in agreement with previous
MC simulation results[6]. Percolation is always aided by
the addition of particles, and particularly in the nematic
phase. Unlike the case of rods [48], the platelets do not
exhibit a re-entrance type of behaviour.
Moreover, the decreasing trend of the percolation
threshold appears to be unperturbed by the spontaneous
gain of orientational alignment at the onset of the ne-
matic. Again, this is in sharp contrast to the case of
rod-like particles, where the number of contacts per rod
decreases in the nematic phase due to the increased orien-
tational alignment, which in turn leads to a higher perco-
lation threshold [49]. Whereas for platelets, the average
number of contacts per particle exhibits a constant trend
(≈ 2.1), and becomes negligibly (< 1%) smaller deep
in the nematic, as shown on the 2nd Y-axis of Fig. 8
(Appendix A: 16 and 18) of the following discussions on
conductivity.
Having characterized the overall shape properties of
the largest clusters, we study next their conductivity and
current flow properties at percolation. Throughout the
following part, our results are shown in terms of the in-
verse conductivity, i.e., the electrical resistance. For the
comparison of the resistance behavior across the intrin-
sic isotropic and nematic phases, we start by performing
simple two-point resistance measurements across the di-
ameter of the platelet network, i.e., the electrodes are
placed at the two nodes furthest apart according to the
unweighted graph distance. Then in order to ensure that
our observations are not merely an artifact of the choice
of measurement points, we also compute the normalized
Kirchhoff indices Eq. 10 (often referred to as network crit-
icality) of the networks as a function of volume fraction:
τˆ =
2
N(N − 1)
N∑
i=1
N∑
j=i+1
Rij (10)
The chosen networks, which comprise our averaging set,
correspond to 500− 1000 independent realisations of the
largest cluster of equilibrated and percolating suspen-
sions of hard platelets.
The results for D/L = 10 are shown in Fig. 8 (Ap-
pendix A, Figs. 16 and 18 for D/L = 25, 50). On the one
hand, in the case of simple networks (unit conductances),
we observe a constant resistance behavior: the simple act
of adding more platelets to the suspension does not lead
to an improved conductivity of the corresponding net-
work. Moreover, as shown in Fig. 9 for D/L = 50, the
fraction of the networks comprising the conductive back-
bone is nearly unaffected by the addition of particles and
is even lowered in the nematic, i.e., the percolating clus-
ters become more populated by dangling ends. The lat-
ter points clearly highlight that the structural changes
of the tunneling networks induced by the spontaneous
alignment of the platelets do not improve their current
flow properties. For illustration, a cluster with its high-
lighted backbone is shown in Fig. 10. These observations
are consistent with other topological aspects of the net-
works, as shown in Fig. 6 (Appendix A, Figs. 14 and 15),
where both the graph density and average path length
remain nearly constant as a function of volume fraction,
and are unaffected by the IN transition. Furthermore,
the observed high average path length values (≈ 45−60)
and very low graph densities (< 0.003) suggest that the
networks are very sparsely connected.
On the other hand, according to the anisotropic model
of Eq. 5 which weighs conductances by explicitly account-
ing for the relative orientation of connected platelets, we
consistently observe for all aspect ratios (10, 25, and 50)
a monotonically increasing resistance across the IN tran-
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FIG. 6: Mean average path length (x, blue) and mean
graph density (circle, green) of tunneling networks as a
function of volume fraction φ, for D/L = 10.
sition. And the same trend persists throughout the re-
spective stable phases.
The increased resistance can be explained by consider-
ing that in spite of the increased alignment of platelets
in the nematic, their center of mass positions remain
weakly correlated. Moreover, the elongated shape of the
percolating clusters suggests that the contiguously con-
nected pairs of platelets that comprise the cluster are
more likely to have their centers mis-aligned. These ob-
servations imply that having pairs of platelets with over-
lapping shells that are in an aligned and centered con-
figuration (Fig. 1(e)) do not become more probable in
the nematic phase. Instead, they are more likely to be
side-by-side connected (Fig. 1(a), having the lowest con-
ductance) or have partial overlap (Fig. 1(b)). In contrast,
in the isotropic phase, inherently due to the disordered
orientations, connections of the type (Fig. 1(c)) are more
likely to occur, which correspond to higher conductance
values compared to the two former cases.
This argument is corroborated by the plot shown in
Fig. 7 for D/L = 50: the orange (dashed) and blue
(solid) histograms show the conductances computed ac-
cording to Eq. 5, for networks drawn from independent
realisations of nematic (φ = 0.07) and isotropic suspen-
sions (φ = 0.0525). The nematic histogram displays a
noticeable shift to smaller conductances, with a more pro-
nounced peak at wa ≈ 0.2, which indeed corresponds to
configurations of type shown in Fig. 1(b).
Finally, for the second anisotropic model ws, which as-
signs conductances proportionally to the mean surface-
surface overlap of the platelets, we again do not observe
an enhancement of the conductivity at the IN transition.
(Unfortunately, due to CPU time limitations and the
highly expensive surface-surface overlap computations,
our comparison with the other models cannot be per-
formed on an equal statistical footing. We have only
considered two points in volume fraction and averaged
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FIG. 7: Distribution of conductances wa for tunneling
networks of D/L = 50. The dashed orange histogram
corresponds to networks selected from 200 nematic
suspensions of φ = 0.07. Similarly, the solid blue
histogram corresponds to those selected from 200
isotropic suspensions of φ = 0.0525.
the conductivity only over 100 realisations of the net-
works.)
Before discussing our findings for the Kirchhoff indices
of the tunneling networks, it is important to briefly eluci-
date on how they provide a useful geometric measure for
comparing the connectivity of networks in view of their
current flow properties. On the one hand, a high Kirch-
hoff index or total resistance is a simple indicator for the
network being poorly wired for accommodating current
flows.
On the other hand, on a more intuitive level, it also
acts as a measure for how structurally robust a net-
work is. This can be more easily seen by first noting
that τ (here not normalized) can be expressed as [40]
τ = N Tr(K+) = N
∑N
i=2 λ
−1
i where K
+ and λi’s are
the Moore-Penrose pseudo-inverse and eigenvalues of the
Laplacian respectively. The inverse eigenvalues of K can
be interpreted as the topological centrality [50] of the
nodes. Thus, a lower Kirchhoff index is indicative of a
more compactly connected structure, having a lower av-
erage node centrality. The latter naturally relates to the
network robustness, since having a lower average node
centrality means the current flow properties of the net-
work are not sensitive to a small set of nodes, whose re-
moval would drastically alter the current flow efficiency
across the network.
In Fig. 11, (Appendix A: Figs. 17 and 19) we show the
results obtained for the normalized Kirchhoff indices of
the networks. In agreement with the measurements made
at the furthest two nodes of the network, we consistently
observe that τˆ remains constant for the simple network
model, i.e., the addition of platelets does not enhance its
robustness. Instead, and particularly for the anisotropic
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FIG. 8: Comparing the dependence of the effective
resistance between furthest nodes of the network Rd on
φ (D/L = 10,) according to: unit conductances (labelled
Unit, triangle, blue), the anisotropic model wa Eq. 5
(circle, orange) and the surface-surface overlap model
ws (star, green). The mean node degree for the sampled
largest clusters of each φ is shown on the second Y-axis
(plus, red). The dashed vertical lines indicate the
simulation estimates of the I-N coexistence region.
conductance model, τˆ increases monotonically as a func-
tion of volume fraction. Thus suggesting, that the net-
work conductivity is weakened both at the onset of the
IN transition and deeper in the stable nematic. These
observations agree with the finding, that the structural
variation of the tunneling networks induced by either the
addition of platelets or their spontaneous alignment, does
not lead to an enhancement of the conductivity.
IV. CONCLUSIONS
In summary, we observe that in both cases of orien-
tationally ordered and disordered phases the clusters are
anisotropic. While the aspect ratio of the clusters re-
mains constant in the isotropic phase, deep in the ne-
matic phase the platelets form more elongated struc-
tures. The increased elongation in the nematic suggests
platelet clusters can be used for their anisotropic trans-
port properties in the context of nanocomposites. Sim-
ilarly favourable for the latter application, is their per-
colation behaviour: the threshold Ap/L decreases mono-
tonically with volume fraction and thus, percolation can
never be lost with addition of platelets.
However, in sharp contrast to the aforementioned as-
pects of platelets which support their use in nanocom-
posites, the conductivity properties of resistor networks
formed by the platelets show no signs of enhancement,
neither with the addition of more particles, nor with the
gained orientational alignment in the nematic. In fact,
when explicitly taking into account the local structure in
the assignment of conductances, the conductivity wors-
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FIG. 9: Fraction fbb (circle, blue) of the network nodes
comprising the conductive backbone as a function of
volume fraction φ for D/L = 50. The backbone here is
defined as the set of current carrying bonds for a unit
current inserted and extracted at the diameter nodes of
the network. On the second Y-axis, the nematic order
parameter S2 (star, red) of the network’s underlying
suspension is plotted.
111
2540
FIG. 10: A network and its backbone (source node:
2540, sink node: 111) highlighted for D/L = 50 and
φ = 0.0525. Bond thickness and color denote the
amplitude of the current running through it.
ens in the nematic. This can be explained by the fact that
the increased alignment also leads to a more elongated
spatial distribution of the platelets, which in turn im-
plies the surface surface overlap between connected pairs
does not increase, despite being orientationally corre-
lated. The latter observations are also tightly connected
to the fact that the topology of the platelet network re-
mains mostly unaffected by changes in volume fraction
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FIG. 11: Normalized Kirchhoff index of the tunneling
networks (for D/L = 10) as a function of volume
fraction for unit conductances (labelled Unit, triangle,
blue), for the anisotropic model wa Eq. 5 (circle,
orange), and for the surface-surface overlap model ws
(star, green).
and liquid-crystalline phase of the suspension.
The conductance models studied in this work provide
an insight into how the conductivity properties of platelet
networks are affected under varying volume fraction and
intrinsic alignment conditions. Therefore, an important
line of continuation for future work remains to inves-
tigate the network conductivity also under an explicit
tunneling-based conductance model, that would, similar
to the well-studied case of rods, account both for the
tunneling decay with shortest surface to surface distance,
and its dependence on the relative orientation of the par-
ticles.
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Appendix A: Remaining plots for D/L = 25 and 50
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FIG. 12: Rescaled asphericity (top), aspect ratio (AR,
middle) and radius of gyration (Rg, bottom) as a
function of cluster size for D/L = 25. A different marker
style and color is used for each volume fraction φ, as
shown in the legend, with (I) and (N) denoting isotropic
and nematic respectively. In the middle plot, the arrows
indicate the branch of data points corresponding to an
isotropic and nematic suspension of platelets.
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FIG. 13: Rescaled asphericity (top), aspect ratio (AR,
middle) and radius of gyration (Rg, bottom) as a
function of cluster size for D/L = 50. A different marker
style and color is used for each volume fraction φ, as
shown in the legend, with (I) and (N) denoting isotropic
and nematic respectively. In the middle plot, the arrows
indicate the branch of data points corresponding to an
isotropic and nematic suspension of platelets.
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FIG. 14: Mean average path length (x, blue) and mean
graph density (circle, green) of tunneling networks as a
function of volume fraction φ, for D/L = 25.
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FIG. 15: Mean average path length (x, blue) and mean
graph density (circle, green) of tunneling networks as a
function of volume fraction φ, for D/L = 50.
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FIG. 16: Comparing the dependence of the effective
resistance between furthest nodes of the network Rd on
φ, and for D/L = 25, according to: unit conductances
(labelled Unit, triangle, blue), the anisotropic model wa
Eq. 5 (circle, orange) and the surface-surface overlap
model ws (star, green). The mean node degree for the
sampled largest clusters of each φ is shown on the
second Y-axis (plus, red). The dashed vertical lines
indicate the simulation estimates of the I-N coexistence
region.
0.09 0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17
100
200
300
400
500
D/L =  25
Unit
wa
ws
FIG. 17: Normalized Kirchhoff index of the tunneling
networks (for D/L = 25) as a function of volume
fraction for unit conductances (labelled Unit, triangle,
blue), for the anisotropic model wa Eq. 5 (circle,
orange), and for the surface-surface overlap model ws
(star, green).
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FIG. 18: Comparing the dependence of the effective
resistance between furthest nodes of the network Rd on
φ, and for D/L = 50, according to: unit conductances
(labelled Unit, triangle, blue), the anisotropic model wa
Eq. 5 (circle, orange) and the surface-surface overlap
model ws (star, green). The mean node degree for the
sampled largest clusters of each φ is shown on the
second Y-axis (plus, red). The dashed vertical lines
indicate the simulation estimates of the I-N coexistence
region.
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FIG. 19: Normalized Kirchhoff index of the tunneling
networks (for D/L = 50) as a function of volume
fraction for unit conductances (labelled Unit, triangle,
blue), and for the anisotropic model wa Eq. 5 (circle,
orange).
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